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There exist many classes P of topological spaces such that compactness of a continuous
image X of a space from P implies very strong properties of X, sometimes even metriz-
ability. A classical example is Arhangel’skii’s theorem which states that t (X) = w(X)
for any dyadic compact X [1]. Thinking of Cantor cubes as topological groups we could
conjecture that compact continuous images of certain topological groups have strong de-
pendencies between their cardinal invariants. One of the strongest result in this direction
says that t (X) = w(X) if a compact space X is a continuous image of a dense subspace of
a topological group whose space is Lindelöf Σ [19]. The same equality holds if a compact
space is a continuous image of a dense subspace of a product of spaces with a countable
network (see [19,21]).
The classes of dense subspaces of “nice” products and topological groups seem to have
very little in common; however, the same methods work to prove that their compact con-
tinuous images have certain properties. The main idea is to show that it is impossible to
map these compact continuous images continuously onto certain Tychonoff cubes. There
are several cornerstone results which relate the existence of mappings of a compact space
onto Tychonoff cubes and its cardinal functions. Shapirovsky proved in [12] that a compact
space X has a closed F such that πχ(x,F )  κ for every x ∈ F if and only if X can be
mapped continuously onto [0,1]κ . This result was the motivation for Shapirovsky to in-
troduce the dyadicity index id(X) for an arbitrary space X as the minimal cardinal λ such
that X cannot be continuously mapped onto [0,1]λ+ . For compact spaces, Shapirovsky
obtained quite a few deep results on dyadicity index and its relationships with π -character
and tightness.
Another result demonstrating the importance of dyadicity index is a theorem proved
independently by Tkachenko and Uspenskij (see [19,21]) which states that, for any dense
subspace S of a product of spaces with a countable network, if a compact space X is a
continuous image of S then w(X) = id(X).
Another result of the first listed author states that if S is a dense subspace of a Σ -
product of spaces with a countable network, then any compact continuous image of S
is metrizable (see [17], a simpler proof is given in [13]). In this paper we systematically
examine the dyadicity index of general spaces and apply its properties for studying compact
continuous images of dense subspaces of “nice” topological groups and/or products of
second countable spaces.
A good example of such a class is given by spaces Cp(X) of real-valued continuous
functions on a space X endowed with the topology of pointwise convergence. Every Cp(X)
is a dense subspace of RX so we have a rich and natural class of dense subspaces of
products of real lines. Besides, if X is compact then Cp(X) is a dense subspace of the
space of all bounded real-valued functions on X which is a σ -compact topological group.
The first results on compact continuous images of Cp-spaces were obtained in [14,
15], and [18] where it was proved, among other things, that if K is a compact space of
countable tightness then, under Luzin’s Axiom, any compact continuous image of Cp(K)
is metrizable.
In this paper we strenghten a factorization theorem proved in [15]; this strengthening
makes it possible to establish that if a Lindelöf Σ -space K is κ+-monolithic for some infi-
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if K is ω1-monolithic then every compact continuous image of Cp(K) is metrizable. Since
under the Continuum Hypothesis every separable space has weight ω1, an evident corol-
lary is that, under CH, for every separable compact K all compact continuous images of
Cp(K) are metrizable. We actually establish a stronger result showing that this property of
separable compact spaces is equivalent to Luzin’s Axiom.
1. Notation and terminology
All spaces are assumed to be Tychonoff. If X is a space then τ(X) is its topology. The
symbol R stands for the real line with its natural topology. We denote by Q the set of
rational numbers and Z is the additive group of integers; I = [0,1] ⊂ R. Given spaces X
and Y the space Cp(X,Y ) is the set of all continuous functions from X to Y endowed with
the topology of pointwise convergence. We write Cp(X) instead of Cp(X,R). If X is a
space and A ⊂ X then we define the restriction map πA :Cp(X) → Cp(A) by πA(f ) =
f |A for any f ∈ Cp(X); if A ⊂ B ⊂ X then πBA :Cp(B) → Cp(A) is also the restriction
map. Given a continuous map ϕ :X → Y its dual map ϕ∗ :Cp(Y ) → Cp(X) is defined by
ϕ∗(f ) = f ◦ ϕ for every f ∈ Cp(Y ).
The cofinality of a cardinal κ is denoted by cf(κ); a subset H of a space X is a Gκ -set
in X if there is a family U ⊂ τ(X) such that |U | κ and H =⋂U . If H is an intersection
of < κ-many open subsets of X then H is called G<κ -subset of X. If X is a space and
A ⊂ X then B ⊂ τ(X) is an outer base of A in X if A ⊂⋂B and, for any U ∈ τ(X) with
A ⊂ U there is B ∈ B for which B ⊂ U . The character χ(A,X) of the set A in X is the
minimal cardinality of an outer base of A in X; if A = {x} then we write χ(x,X) instead
of χ({x},X).
The dyadicity index id(X) of a space X is the smallest of the cardinals κ such that
X cannot be continuously mapped onto Iκ+ . It is easy to see that either id(X) = 0 or
id(X) ω. A family N of subsets of X is called a network in the space X if every open
U ⊂ X is a union of a subfamily of N . The network weight nw(X) is the minimum of
cardinalities of a network in X; a space X is cosmic if nw(X) ω.
The symbol  denotes the end of a proof; the rest of our notation is standard and fol-
lows [6].
2. Some general properties of dyadicity index
In this section we establish some topological and categorical properties of the dyadicity
index.
Proposition 2.1. Let X be a space.
(a) If f :X → Y is a continuous onto map then id(Y ) id(X).
(b) If Z is a C∗-embedded subset of X then id(Z) id(X).
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id(X) κ .
(d) If X is compact then id(X)  κ  ω if and only if there is a closed F ⊂ X such that
πχ(x,F ) κ for every x ∈ F .
(e) If X is a Lindelöf Σ -space then id(Xn) = id(X) + ω for every n ∈ N. In particular, if
id(X) ω then id(Xn) = id(X) for each n ∈ N.
Proof. The property (a) is obvious and (b) can be proved by a standard diagonal product
argument. To prove (c) assume that λ = κ+ and there exists a continuous onto map ϕ :X →
Iλ. If Mα = ϕ(Xα) for every α < λ then it follows from Lemma 2.5 of [20] that there
exists α < λ and a set A ⊂ λ such that |A| = λ and pA(Mα) = IA where pA : Iλ → IA
is the projection. Then (pA ◦ ϕ)(Xα) = IA and hence id(Xα)  λ > κ which contradicts
the assumption of (c). Therefore X cannot be continuously mapped onto Iλ and hence
id(X) κ ; this settles (c).
The statement of (d) is a very deep theorem of Shapirovsky [12] (see also Theorem 3.18
of [9]). To check that (e) is true observe first that (a) implies the inequality id(X) id(Xn)
for any n ∈ N because X is a continuous image of Xn. To prove the opposite inequality
notice that it follows from Assertion 2.12 of [19] that for any Lindelöf Σ -space Y we have
id(Y )  idc(Y ) + ω, where idc(Y ) = sup{id(C): C is a compact subset of Y }. Note that
we put the plus sign in the above inequality because the index of a space can be equal to
zero. Therefore id(Xn)  idc(Xn) + ω; besides, every compact K ⊂ Xn is contained in
Cn for some compact C ⊂ X. Thus id(K)  id(Cn) = id(C) (see Theorem 4 of [12]) so
id(Xn) idc(X) + ω  id(X) + ω. An immediate consequence is that id(Xn) = id(X) if
id(X) ω. 
The following example shows that the equality id(Xn) = id(X)+ω in Proposition 2.1(e)
cannot be improved to id(Xn) = id(X) even for separable metric spaces. Clearly, a coun-
terexample X has to satisfy id(X) = 0. Denote by Cov(M) = c the hypothesis that no
Polish space can be covered by less that c-many nowhere dense subsets. It is well known
that the statement Cov(M) = c follows from a weaker form MA(ω-centered) of Martin’s
Axiom (see [7, 22B and 14C]).
Examples 2.2. Suppose that Cov(M) = c holds. Then
(a) there exists a dense subspace X of I such that id(X) = 0 but id(X2) = ω;
(b) there exists a dense subspace Y ⊂ I such that id(Y ) = 0 but id(Z) = ω for some dense
Z ⊂ Y .
Proof. (a) Let Q = Q∩ I and choose an enumeration {fα: α < c} of all functions such that,
for every α < c, the domain Dα of the function fα is a dense Gδ-set in I and fα :Dα → I
is a continuous onto map. It is evident that, given any α < c, the set {r ∈ I: f−1α (r) has
non-empty interior in Dα} is countable so the set Nα = {r ∈ I: f−1α (r) is nowhere dense
in I} has cardinality continuum for each α < c.
We will also need an enumeration {rα: α < c} of the set I. The idea of our construc-
tion of the space X = Q ∪ {xα, yα: α < c} is to choose points xα, yα ∈ I in such a way
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id(X2) = ω it suffices to have a continuous map h :X → R such that h(X2) ⊃ I. In our
case such a map h will be the usual sum h(x, y) = x + y for all x, y ∈ X. Hence it will
suffice that xα + yα = rα for all α < c.
So, assume that we have constructed sets Xα = Q ∪ {xβ, yβ : β < α} and {sβ : β <
α} ⊂ I for some ordinal α < c; since |fα(Xα)|  |β| · ω < c, we can choose a point sα ∈
Nα\fα(Xα). Furthermore, the set Yα = Xα ∪ (⋃{f−1β (sβ): β  α} is the union of < c-
many nowhere dense subsets of I and hence so is the set Zα = Yα∪{rα− t : t ∈ Yα∩[0, rα]}.
Since we have Cov(M) = c, we can choose xα ∈ [0, rα]\Zα ; then taking yα = rα − xα we
complete our inductive construction. Observe that {xα, yα} ∩ f−1β (sβ) = ∅ for each β  α.
It is evident that h(X2) covers I and hence id(X2) = ω. To see that X cannot be mapped
onto I observe that if f :X → I is continuous and onto then it can be extended to a dense
Gδ-subset of I so f = fα|X for some α < c. But then sα /∈ f (X) = fα(X) because sα /∈
fα(Xα) by the choice of sα and sα /∈ fα(X\Xα) by our choice of xγ , yγ for γ  α.
(b) For the space P of irrationals let qi :P × P → P be the natural projection onto the
ith factor, i = 1,2. There is a continuous onto map ϕ :P → I; let Fr = q−11 (ϕ−1(r)) for
any r ∈ I. If C is a family of compact subsets of P × P such that |C| < c and Fr ⊂⋃C for
some r ∈ I then the family C′ = {q2(C): C ∈ C} covers P, consists of compact subsets of
P and |C′| < c which is a contradiction with Cov(M) = c.
Observe also that if A ∩ Fr = ∅ for any r ∈ I then (ϕ ◦ q1)|A maps A onto I and hence
id(A) = ω.
The space R = I\Q is homeomorphic to P and hence to P × P; the observations of the
previous two paragraphs show that we can fix a family {Fα: α < c} of disjoint subsets of
R such that no Fα can be covered by < c-many compact subsets of R and id(A) = ω for
any A ⊂ R which meets every Fα .
Take an enumeration {Kα: α < c} of all uncountable compact subsets of R and choose
a point xα ∈ Fα\(⋃β<α Kβ) for any α < c. The set A = {xα: α < c} meets every Fα so
id(A) = ω. If Q = Q∩ I then the set Y = Q ∪A is dense in I and < c-concentrated on Q,
i.e., |Y\U | < c for any U ∈ τ(Y ) with Q ⊂ U . This shows that Y cannot be continuously
mapped onto I because I is not < c-concentrated on a countable set.
Finally observe that, given a continuous onto map ϕ :A → I is easy to find a dense
Z ⊂ Y such that ϕ extends continuously over Z and hence id(Z) = ω while id(Y ) = 0. 
Remark 2.3. It follows from Proposition 2.1(b) that if X is a compact space and F is
closed in X then id(F )  id(X). However, if F is not closed in X then dyadicity index
of X can be zero and id(F ) arbitrarily large: this happens, for example, for the one-point
compactification Aκ of the discrete space of cardinality κ . We have id(Aκ) = 0 because
Aκ is compact and scattered while the discrete space of cardinality κ has dyadicity index
at least λ for κ = 2λ.
Proposition 2.4.
(a) If X is a metrizable compact space then id(Y ) id(X) for any Y ⊂ X.
(b) If X is a space such that nw(X) = id(X) then, for any Y ⊂ X, we have id(Y ) id(X).
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continuously onto I; therefore, if X is compact, metrizable and id(X) = 0 then X is scat-
tered and hence countable (this is an easy consequence of Cantor–Bendixson theorem,
see, e.g., [6, 1.7.11]). Thus every Y ⊂ X is also countable whence id(Y ) = 0. If X is not
scattered then X can be mapped onto I and hence onto Iω, i.e., id(X) = ω. Since any con-
tinuous image of a subspace of X has countable network, we have id(Y ) ω = id(X) for
any Y ⊂ X. This proves (a).
As to (b), if Y ⊂ X and Y maps continuously onto Iλ then λ nw(Y ) nw(X) = id(X)
so id(Y ) id(X). 
Corollary 2.5. Let X be a -adic compact space (i.e., a Hausdorff image of a compact
-metrizable space (see [11])). Then id(Y ) id(X) for any Y ⊂ X.
Proof. If w(X) = ω then apply Proposition 2.4(a). For the case when w(X) > ω it was
established in [11] that X admits a continuous map onto Iλ for any regular cardinal λ 
w(X). This implies id(X) = w(X) so Proposition 2.4(b) completes the proof. 
Since every dyadic compact space is -adic and every compact topological group is
dyadic, we have the following corollaries.
Corollary 2.6. If X is a compact dyadic space then id(Y ) id(X) for any Y ⊂ X.
Corollary 2.7. If G is a compact topological group then id(Y ) id(G) for any Y ⊂ G.
Taking a dense subspace of a space can arbitrarily increase the index of dyadicity (see
Remark 2.3). However, this is not the case for topological groups generated by a “small”
family of compact scattered subspaces.
Proposition 2.8. Given a cardinal λ < c suppose that X =⋃α<λ Xα where Xα is compact
and scattered for any α < λ. If X generates a topological group G and S is dense in G
then id(S) = 0.
Proof. Assume, to obtain a contradiction, that there exists a continuous onto map f :S →
I. By Corollary 1.11 of [19] we can find a continuous homomorphism ϕ :G → H of G onto
a topological group H such that w(H) λ and there exists a continuous map g :ϕ(S) → I
for which f = g ◦ (ϕ|S). Every set Yα = ϕ(Xα) has cardinality  λ being a compact
scattered space of weight  λ. Therefore |ϕ(S)| |H | = |⋃{Yα: α < λ}| < c which is a
contradiction. 
Remark 2.9. The statement of Proposition 2.8 is not true for arbitrary subsets of G because
they could be discrete of arbitrary cardinality; a relevant example for any cardinal κ is the
Markov free group G = F(Aκ) of the one-point compactification Aκ of a discrete space of
cardinality κ .
Theorem 2.10. Suppose that a topological group G is algebraically generated by a com-
pact set X with ω id(X) = w(X). Then id(S) id(G) for any S ⊂ G.
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observe that G is a countable union of continuous images of finite powers of X. Since
id(Xn) = id(X) for any n ∈ N by Proposition 2.1(e), we can apply (a) and (c) of the same
proposition to conclude that id(G) id(X) and hence id(G) = id(X).
Finally, observe that nw(G)  nw(X) = w(X) = id(X) = id(G) so we can apply
Proposition 2.4(b) to see that id(S) id(G) for any S ⊂ G. 
Proposition 2.11. If X is a continuous image of a product of separable spaces then there
is a dense S ⊂ X such that id(S) = 0.
Proof. Every separable space Z has a dense subspace P which is a continuous image of
the group Z with the discrete topology. Thus there is a dense Y ⊂ X such that there exists
a continuous onto map ϕ :Zκ → Y for some cardinal κ .
It is well known (and easy to prove) that the dense subgroup σ = {z ∈ Zκ : the set {α <
κ: z(α) = 0} is finite} of the group Zκ is a countable union of its scattered compact sub-
spaces so we can apply Proposition 2.8 to conclude that id(σ ) = 0. It is clear that S = ϕ(σ)
is dense in X and id(S) id(σ ) = 0. 
Corollary 2.12. Every dyadic compact space contains a dense subspace whose dyadicity
index is zero. In particular, every compact topological group contains a dense subspace S
with id(S) = 0.
3. Dyadicity index and continuous images of function spaces
We first prove a theorem on cardinal functions of general compact spaces. While it
seems to be interesting in itself, it has some important consequences when one considers
compact continuous images of Cp(X).
Definition 3.1. Given an infinite cardinal κ call a space strongly κ-cosmic if X =⋃{Xα: α < κ} where nw(Xα) < κ for any α < κ .
Remark 3.2. It is evident that the property of being strongly κ-cosmic is preserved by sub-
spaces and continuous images. The space {0,1}κ shows that a product of κ-many strongly
κ-cosmic spaces can fail to be strongly κ-cosmic. However, after a short reflection, it is
clear that if µ < cf(κ) and Xα is strongly κ-cosmic for any α < µ then
∏{Xα: α < µ} is
also strongly κ-cosmic.
The following theorem shows that strongly κ-cosmic compact spaces have many points
of “small” character. For regular cardinals κ this fact is known in a stronger form (see [20,
Lemma 2.1] where only pseudocharacter restrictions for the summands were required). It
is worth mentioning that Ismail and Szymanski also studied in [8] the existence of points
of small character in compact spaces representable as unions of κ-refinable spaces with
some additional properties.
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there is x ∈ K such that χ(x,K) < κ . In other words, if K is compact and χ(x,K) κ for
any x ∈ K then K cannot be represented as a union of  κ-many subspaces of network
weight < κ .
Proof. Assume, towards a contradiction, that χ(x,K) κ for any x ∈ K and K is strongly
κ-cosmic, i.e., K =⋃{Xα: α < κ} and nw(Xα) < κ for every α < κ . If µ = cf(κ) = κ
then, letting Yα = Xα for any α < µ, we have a representation K =⋃{Yα: α < µ} for
which nw(Yα) < κ for any α < µ.
Now, if µ< κ then there exists a µ-sequence {νβ : β < µ} ⊂ κ of regular cardinals such
that sup{νβ : β < µ} = κ and β < γ < µ implies νβ < νγ . Letting Yα =⋃{Xβ : β < να
and nw(Xβ) να} we obtain a µ-sequence {Yα: α < µ} such that K =⋃{Yα: α < µ} and
nw(Yα) να < κ for every α < µ.
The above considerations show that in both cases we can assume, without loss of gener-
ality, that K =⋃{Yα: α < µ} and nw(Yα) < κ for any α < µ. The following easy property
follows from transitivity of character in compact spaces (see [5, Chapter III, Problem 70])
and demonstrates the key idea for carrying out our inductive construction.
(1) For any cardinal λ < κ , if F is a closed Gλ-subset of K then χ(x,F )  κ for any
x ∈ F .
Since nw(Y0) < κ , it is impossible that Y0 = K so take an arbitrary point x ∈ K\Y0.
It follows from l(Y0)  nw(Y0) < κ that there is a closed G<κ -set F0 ⊂ K such that x ∈
F0 ⊂ K\Y0.
Assume that α < µ and we have constructed a family {Fβ : β < α} of non-empty closed
G<κ -sets in K with the following properties:
(2) β < γ < α implies Fγ ⊂ Fβ ;
(3) Fβ ∩ Yβ = ∅ for any β < α.
It follows from α < µ that F =⋂{Fβ : β < α} is a G<κ -subset of K so (1) implies that
χ(x,F ) κ for any x ∈ F . As a consequence, w(F) = nw(F ) κ > nw(Yα) and there-
fore Yα cannot cover F . If we take any x ∈ F\Yα then it follows from l(Yα) nw(Yα) < κ
that there is a closed G<κ -set H ⊂ K such that x ∈ H ⊂ K\Yα . It is evident that if
Fα = H ∩ F then (2) and (3) are fulfilled for all β  α so we can construct a family
{Fα: α < µ} with the properties (2) and (3) satisfied for all α < µ. The space K being
compact, the set P =⋂{Fα: α < µ} is non-empty; since P ⊂ K\(⋃{Yα: α < µ}), we
obtain a contradiction. 
The following statement is an immediate consequence of Theorem 3.3 and Proposi-
tion 2.1(d).
Corollary 3.4. If κ is an infinite cardinal then no strongly κ-cosmic space admits a con-
tinuous mapping onto Iκ .
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core of the proof of one of the main results of the paper (see Theorem 3.12).
Theorem 3.5. If κ is an uncountable infinite cardinal and X is a space such that w(X) = κ
and l(X) < cf(κ) then Cp(X) is strongly κ-cosmic. In particular, if cf(κ) > ω and X is a
Lindelöf space with w(X) = κ then Cp(X) is strongly κ-cosmic.
Proof. We can assume that X ⊂ Iκ . For any A ⊂ κ let pA : Iκ → IA be the natural pro-
jection. If α < κ and A = {β: β < α} then pα = pA|X and Yα = pα(X). The dual map
p∗α :Cp(Yα) → Cp(X) is an embedding for any α < κ and for Zα = p∗α(Cp(Yα)) we have
nw(Zα) = nw(Yα) < κ . It follows from Lemma 1 of [16] that any continuous function
f :X → R factorizes through a  l(X)-face in Iκ , i.e., there is a set A ⊂ κ such that
|A| l(X) for which there is a continuous map g :pA(X) → R such that g ◦ (pA|X) = f .
Choosing α < κ with A ⊂ α we also obtain a continuous map h :pα(X) → R for which
h ◦ pα = f and hence f = p∗α(h), i.e., f ∈ Zα . This proves that
⋃{Zα: α < κ} = Cp(X)
so Cp(X) is strongly κ-cosmic. 
Remark 3.6. Given a space X, let L0(X) = min{λ: every open cover of X has a subcover
of cardinality < λ}. The results of [16] also imply that if κ is an infinite regular cardinal
and L0(X) κ then Cp(X) is strongly κ-cosmic.
Theorem 3.7. If κ is an infinite cardinal with cf(κ) > ω and X is a Lindelöf Σ -space with
nw(X) κ then Cp(X) is strongly κ-cosmic.
Proof. We have d(Cp(X)) nw(Cp(X)) = nw(X) κ so there exists a set {gα: α < κ}
which is dense in Cp(X); let Pα = {gβ : β < α} for every α < κ . Any Lindelöf Σ -space
is stable [3] so Cp(X) is monolithic and hence the space Fα = Pα is |α|-cosmic, i.e.,
nw(Fα)  |α| < κ for any α < κ . Besides, it follows from t (Cp(X)) = ω (see [2, Theo-
rem 4.1.2]) that⋃{Fα: α < κ} = Cp(X) so the space Cp(X) is strongly κ-cosmic. 
In the rest of this paper we will heavily use the following results of Arhangel’skii and
Tkachenko.
Theorem 3.8 [3]. Given an infinite cardinal κ suppose that nw(Nt ) κ for each t ∈ T and
S is a dense subspace of the space N =∏{Nt : t ∈ T }. If Z is any space and ϕ :S → Z is
a continuous onto map then:
(i) the space Y = {z ∈ Z: χ(z,Z)  κ} has network weight at most κ ; in particular, if
χ(Z) κ then nw(Z) κ ;
(ii) if χ(Z) κ then there is a set A ⊂ T with |A| κ and a continuous map h :pA(S) →
Z such that h ◦ (pA|S) = ϕ. Here pA :N → NA =∏{Nt : t ∈ A} is the natural pro-
jection onto the face NA.
Theorem 3.9 [19]. Suppose that Nt is a cosmic space for each t ∈ T and S is a dense
subspace of the space N =∏{Nt : t ∈ T }. If Y is a compact continuous image of S then
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mapped onto the Tychonoff cube Iκ .
Corollary 3.10. If X is an arbitrary space and a compact space Y is a continuous image
of Cp(X) then:
(i) if Y is not metrizable then Y maps continuously onto Iω1 ;
(ii) if w(Y) > κ then Y maps continuously onto Iκ+ ;
(iii) if w(Y) κ and cf(κ) > ω then Y maps continuously onto Iκ .
Recall that the pointwise k-type h(Y ) of a space Y is defined as follows: h(Y ) =
min{λ: the space Y has a cover C such that any C ∈ C is compact and χ(C,Y )  λ}. It
is evident that a space Y is of pointwise countable type if and only if h(Y ) ω.
Theorem 3.11. Suppose that nw(Xt )  κ for every t ∈ T and we have a dense set D ⊂
X =∏{Xt : t ∈ T }; let pS :X → XS =∏{Xt : t ∈ S} be the natural projection onto the
face XS for any S ⊂ T . Suppose additionally that id(pS(D))  κ for any S ⊂ T with
|S|  κ+. Then, for any space Y with h(Y )  κ , if Y is a continuous image of D then
nw(Y ) κ . In particular, if Y is compact then w(Y) κ .
Proof. Let ϕ :D → Y be a continuous onto map. It follows from Theorem 3.8 that, for
the set Y0 = {y ∈ Y : χ(y,Y ) κ} we have nw(Y0) κ so it suffices to show that Y0 = Y .
Assume, towards a contradiction, that y ∈ Y\Y0. Since l(Y0)  nw(Y0)  κ , there is a
closed Gκ -set G in Y such that y ∈ G ⊂ Y\Y0. There is a compact F ⊂ Y such that y ∈
F and χ(F,Y )  κ . The set F ′ = G ∩ F is compact and χ(F ′, Y )  κ . An immediate
consequence is that χ(z,F ′) > κ for any z ∈ F ′ and therefore w(F ′) = d(Cp(F ′))  κ+
(see Theorem I.1.5 of [4]). As a consequence, we can choose a family A ⊂ Cp(Y ) such
that |A| = κ+ and {f |F ′: f ∈ A} is a left-separated subspace of Cp(F ′). Fix a family
B ⊂ Cp(Y ) for which |B| κ and the collection {f−1(R\{0}): f ∈ B} is an outer base of
F ′ in Y .
Let q be the diagonal product of the family A ∪ B; if Z = q(Y ) then we obtain a
continuous onto map q :Y → Z such that w(Z) = w(q(F ′)) = κ+ and for the set P =
q(F ′) we have χ(P,Z) κ . The space Z is still a continuous image of D so Theorem 3.8
can be applied again to conclude that if Z0 = {z ∈ Z: χ(z,Z)  κ} then nw(Z0)  κ
while nw(P ) = w(P ) = κ+. Fix a point z ∈ P \Z0; there is a closed Gκ -set H ⊂ Z such
that z ∈ H ⊂ Z\Z0. It is clear that H ′ = H ∩ P is a compact Gκ -set in P and hence
χ(H ′,Z) κ by transitivity of the character. This shows that χ(t,H ′) > κ for any t ∈ H ′.
It follows from w(Z) = κ+ and Theorem 3.8 that there exists a set S ⊂ T such that
|S| κ+ and there is a continuous map u :pS(D) → Z for which u◦ (pS |D) = q ◦ϕ. As a
consequence, Z is a continuous image of pS(D) so id(H ′) id(Z) id(pS(D)) κ (see
(a) and (b) of Proposition 2.1). Therefore Theorem 2.18 of [19] is applicable to conclude
that nw(H ′) κ which, together with χ(H ′) > κ , gives a contradiction. 
Recall that a space X is (strongly) κ-monolithic if, for any A ⊂ X with |A|  κ , we
have nw(A) κ (or w(A) κ respectively).
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κ-monolithic and l(X) < cf(κ). Then w(Y) < κ for any compact space Y which is a con-
tinuous image of Cp(X). In particular, if X is a Lindelöf strongly ω1-monolithic space then
every compact continuous image of Cp(X) is metrizable.
Proof. Suppose that Y is a compact space and ϕ :Cp(X) → Y is a continuous onto map.
Assume to the contrary that w(Y)  κ . Since Cp(X) is a dense subspace of RX , Theo-
rem 3.9 guarantees that id(Y ) = w(Y); besides, if w(Y) = κ then Y can be continuously
mapped on Iκ because cf(κ) > ω. On the other hand, if w(Y) > κ then it follows from
id(Y ) = w(Y) that Y can be continuously mapped onto Iκ+ and hence Y also maps contin-
uously onto Iκ .
Therefore, in all possible cases there is a continuous onto map q :Y → Iκ . Since Cp(X)
is a dense subspace of RX , there is a set A ⊂ X with |A|  κ and a continuous map
g :πA(Cp(X)) → Iκ for which g ◦ πA = q ◦ ϕ (here πA :Cp(X) → Cp(A) ⊂ RA is the
restriction map). If B = A and h = g ◦ πBA then h :πB(Cp(X)) → Y and h ◦ πB = q ◦ ϕ.
By strong κ-monolithicity of X we have w(B) κ ; since B is closed in X, we conclude
that l(B) l(X) < cf(κ). This makes it possible to apply Theorem 3.5 to see that Cp(B) is
strongly κ-cosmic and hence so is πB(Cp(X)) ⊂ Cp(B). Since the space Iκ is a continuous
image of πB(Cp(X)), we obtained a contradiction with Corollary 3.4. 
Remark 3.13. It follows from Theorem 3.12 that, given an uncountable regular cardinal κ
and a κ-monolithic compact space K , we have w(X) < κ whenever X is a compact contin-
uous image of Cp(K). In particular, if K is ω1-monolithic then every compact continuous
image of Cp(K) is metrizable. This result is new and interesting in itself; however, we will
prove a stronger statement in Theorem 3.16.
Corollary 3.14. If K is Lindelöf and w(K)  ω1 then any compact continuous image of
Cp(K) is metrizable. In particular, if K is compact and w(K)  ω1 then any compact
continuous image of Cp(K) is metrizable.
Corollary 3.15. Any compact continuous image of Cp(Iω1) is metrizable.
Theorem 3.16. Given a cardinal κ with cf(κ) > ω if X is a κ-monolithic Lindelöf Σ -
space and Y is a compact continuous image of Cp(X) then w(Y) < κ . In particular, if X
is an ω1-monolithic Lindelöf Σ -space then every compact continuous image of Cp(X) is
metrizable.
Proof. Suppose that Y is a compact space and ϕ :Cp(X) → Y is a continuous onto map.
The same reasoning as in the proof of Theorem 3.12 shows that exists a continuous onto
map q :Y → Iκ . Since Cp(X) is a dense subspace of RX , there is a set A ⊂ X with |A| κ
and a continuous map g :πA(Cp(X)) → Iκ for which g ◦ πA = q ◦ ϕ. If B = A and h =
g ◦πBA then h :Cp(B) = πB(Cp(X)) → Y is a continuous onto map and h ◦πB = q ◦ϕ. In
particular, Cp(B) maps continuously onto Iκ . By κ-monolithicity of the space X we have
nw(B) κ ; since B is closed in X, it is a Lindelöf Σ -space so we can apply Theorem 3.7
to see that Cp(B) is strongly κ-cosmic which gives a contradiction with Corollary 3.4. 
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space K , all continuous images of Cp(K) are metrizable. The following proposition shows
that this is not true.
Proposition 3.17. For any cardinal κ if Dκ is the discrete space of cardinality κ then
K = βDκ is a compact space such that Cp(K) maps continuously onto Iκ .
Proof. It is easy to see that Cp(K) can be mapped continuously onto Cp(K, I). If
π :Cp(K, I) → IDκ is the restriction map then π(Cp(K, I)) = IDκ ; since IDκ is homeo-
morphic to Iκ , we are done. 
Theorem 3.18. Every one of the following statements is equivalent to Luzin’s Axiom
(2ω1 > c):
(a) for any separable compact space K any compact continuous image of Cp(K) is
metrizable;
(b) any compact continuous image of Cp(βω) is metrizable;
(c) any compact continuous image of Cp(Ic) is metrizable;
(d) for any compact space K with w(K) c any compact continuous image of Cp(K) is
metrizable.
Proof. It is evident that (d) ⇒ (c). If a compact space K has weight at most c then K
embeds in Ic. Therefore the restriction πK :Cp(Ic) → Cp(K) is a continuous onto map
which shows that any continuous image of Cp(K) is also a continuous image of Cp(Ic);
thus (c) ⇒ (d). It is evident that (a) ⇒ (b); since Ic is separable, we also have (a) ⇒ (c).
Any separable Tychonoff space has weight at most c so (d) ⇒ (a) which shows that (c) and
(d) are the strongest properties among (a)–(d).
Now, if Luzin’s Axiom holds then |Cp(Ic)| = c < 2ω1 = |Iω1 | so the space Cp(Ic) can-
not be mapped onto Iω1 and therefore every compact continuous image of the space Cp(Ic)
is metrizable by Corollary 3.10. Since (c) implies all the statements (a)–(d), Luzin’s Axiom
implies (a)–(d).
Now, assume that 2ω1 = c and let D be a discrete space of cardinality ω1. Then βD
embeds in βω (this is well-known and easy to prove: embed βD in Ic, take a continuous
onto map ϕ :βω → Ic and find a closed F ⊂ βω such that ϕ|F :F → βD is an irreducible
onto map. Then F is homeomorphic to βD). Therefore πβD :Cp(βω) → Cp(βD) is a
continuous onto map. The space Cp(βD) can be mapped on Iω1 by Proposition 3.17 so
Cp(βω) also maps continuously onto Iω1 . Therefore (b) does not hold which, together
with the remarks of the first paragraph of our proof shows that (a), (c) and (d) do not hold
either. 
Proposition 3.19. If X is Lindelöf and w(X) c then under Luzin’s Axiom every compact
continuous image of Cp(X) is metrizable.
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|Cp(X)| < 2ω1 = |Iω1 | and hence Cp(X) cannot be (continuously) mapped onto Iω1 . Now,
Corollary 3.10 finishes the proof. 
For any space X we have |X|  2l(X)χ(X) by Arhangel’skii’s theorem; since also
w(X) |X| · χ(X), the following fact is an immediate consequence of Proposition 3.19.
Corollary 3.20. Under Luzin’s Axiom, if X is a Lindelöf first countable space then every
compact continuous image of Cp(X) is metrizable.
Theorem 3.21. If K is a perfectly normal compact space then every compact continuous
image of Cp(K) is metrizable.
Proof. If we assume the contrary then, by Theorem 3.9, there exists a continuous onto map
ϕ :Cp(K) → Iω1 . By Theorem 3.8 we can find a set A ⊂ K such that |A| = ω1 and there
is a continuous map q :πA(Cp(K)) → Iω1 for which q ◦ πA = ϕ. In a perfectly normal
compact space the network weight of any subspace coincides with its weight [5, Chap-
ter III, Problem 228] so we have w(A) = nw(A)  |A|  ω1 and hence A is a Lindelöf
space of weight ω1 which implies that Cp(A) is strongly ω1-cosmic by Theorem 3.5. Con-
sequently, the space πA(Cp(K)) ⊂ Cp(A) is also strongly ω1-cosmic and hence so is Iω1
(see Remark 3.2) which is a contradiction with Corollary 3.4. 
Remark 3.22. Of course, under Luzin’s Axiom, Theorem 3.21 is an immediate conse-
quence of Corollary 3.20; however, it gives a new information because it is true in ZFC.
Proposition 3.23. If X is a space such that Cp(X) is Lindelöf and t (Cp(X)) = ω then
every compact continuous image of Cp(X) is metrizable.
Proof. Apply Corollary 3.10 once more to see that it suffices to prove that Cp(X) cannot
be mapped onto Iω1 . If this is not true then take a continuous onto map ϕ :Cp(X) →
Iω1 ; there is an uncountable free sequence F ⊂ Iω1 . For every x ∈ F choose a point fx ∈
ϕ−1(x). Then G = {fx : x ∈ F } is a free sequence in Cp(X) which contradicts l(Cp(X)) =
t (Cp(X)) = ω (see [2, Corollary (2.2.3)]). 
Corollary 3.24. If l(Xn) = ω for all n ∈ N (in particular, if X is compact or Lindelöf Σ )
and Cp(X) is Lindelöf then every compact continuous image of Cp(X) is metrizable.
Proof. We have t (Cp(X)) = sup{l(Xn): n ∈ ω\{0}} = ω so Proposition 3.23 applies. 
Theorem 3.25. If X is a space such that Cp(X) is a Lindelöf Σ -space then every compact
continuous image of Cp(X) is metrizable.
Proof. Denote by υX the Hewitt realcompactification of the space X. It is evident that
Cp(X) is a continuous image of the space Cp(υX). Besides, Y = υX is a Lindelöf
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orem 2.3]), Corollary 3.24 is applicable to Y and we can conclude that every compact
continuous image of Cp(Y ) (and hence of Cp(X)) is metrizable. 
4. Open problems
The following list of open questions shows that, in spite of a certain progress in under-
standing the topic, we are still far from having a complete picture as to the dyadicity index
properties and metrizability of compact continuous images of “nice” function spaces. Our
first question is an inquiry whether Corollary 2.7 can be proved for σ -compact topological
groups.
Problem 4.1. Let S be a dense subspace of a σ -compact topological group G. Is then
id(S) id(G)?
The following question is motivated by Corollary 2.12 which shows that the answer is
affirmative for compact groups.
Problem 4.2. Is it true that every σ -compact topological group contains a dense subspace
of countable dyadicity index?
The two problems that follow have positive answers under Luzin’s Axiom.
Problem 4.3. Let K be a compact space with |K| c. Is it true in ZFC that id(Cp(K)) = ω
or, equivalently, that every compact continuous image of Cp(K) is metrizable?
Problem 4.4. Let K be a first countable compact space. Is it true in ZFC that every compact
continuous image of Cp(K) is metrizable? What happens if K is Fréchet–Urysohn, has
countable tightness or even hd(K) = ω?
If we ask ourselves whether Proposition 3.17 expresses a particular case of some general
fact, we come naturally to the following question.
Problem 4.5. Suppose that K is a compact space and Cp(K) maps continuously onto Iκ
for some κ > ω. Is it true that K contains a discrete C∗-embedded subset of cardinality κ?
Problem 4.6. Let K be a scattered (or even left-separated) compact space. Must every
compact continuous image of Cp(K) be metrizable?
Problem 4.7. Let K be a linearly ordered compact space. Must every compact continuous
image of Cp(K) be metrizable?
Problem 4.8. Let X be a space such that Cp(X) is Lindelöf. Must every compact continu-
ous image of Cp(X) be metrizable?
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Cp(X) be metrizable?
Problem 4.10. Let X be a hereditarily Lindelöf space. It is true in ZFC that every compact
continuous image of Cp(X) is metrizable?
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